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SUBJECT: P r o b a b i l i t y  o f  F ind ing  a n  
O b s t a c l e  - F r e e  I n t e r v a l  
Case 320 

TECHNICAL MEMORANDUM 

I N T R O D U C T I O N  

DATE: August 2 ,  1 9 6 6  

FROM: P .  Gunther 

TM-66-2023- 

T h i s  pape r  d e r i v e s  e x a c t  and a s y m p t o t i c  one-dimensional  
f o r m u l a s  f o r  t h e  p r o b a b i l i t y  t h a t  t h e  a s t r o n a u t s  w i l l  be  ab l e  t o  
f i n d  a good touchdown i n t e r v a l  ( i . e . ,  one  f r e e  o f  l a r g e  o b s t a c l e s  
o r  c ra te rs  which might  damage t h e  LM) d u r i n g  t h e  t e r m i n a l  p o r t i o n  
o f  t h e  LM d e s c e n t .  The formulas  are expres sed  as f u n c t i o n s  of  
t h e  l e n g t h  o f  t h e  a c c e s s i b l e  i n t e r v a l  t h a t  can be  sea rched  and o f  
t h e  ave rage  d e n s i t y  of  o b s t a c l e s .  The o b s t a c l e s  a re  assumed t o  
be randomly d i s t r i b u t e d  acco rd ing  t o  a Po i s son  d i s t r i b u t i o n .  S i z e  
o f  t h e  o b s t a c l e s  i s  n o t  cons ide red ,  i . e . ,  t hese  a re  assumed t o  be 

p o i n t s  on t h e  s e a r c h  i n t e r v a l .  

I n  o r d e r  t o  p r o p e r l y  i n t e r p r e t  t h e  r e s u l t s  i n  terms o f  
t h e  p r o b a b i l i t y  o f  f i n d i n g  an o b s t a c l e - f r e e  touchdown area,  when 
t h e  a c c e s s i b l e  f o o t p r i n t  a r e a  and ave rage  o b s t a c l e  d e n s i t y  has 

been s p e c i f i e d ,  i t  i s  necessa ry  t o  ex tend  t h e  s o l u t i o n  t o  two 
d imens ions .  It i s  hoped t o  t rea t  t h i s  i n  a subsequent  paper .  

The ma themat i ca l  f o r m u l a t i o n  o f  t h e  problem i s  g i v e n  i n  
s e c t i o n  I.  S e c t i o n  I1 d e r i v e s  t h e  b a s i c  f u n c t i o n a l  e q u a t i o n ,  t h e  

e x a c t  s o l u t i o n  t o  which i s  p r e s e n t e d  i n  s e c t i o n  I11 and t h e  

a s y m p t o t i c  s o l u t i o n  i n  s e c t i o n  I V .  The r e q u i r e d  s i z e  of t h e  

a c c e s s i b l e  i n t e r v a l  v s .  o b s t a c l e  d e n s i t y ,  f o r  v a r i o u s  s p e c i f i e d  
l e v e l s  of conf idence ,  i s  p l o t t e d  i n  F i g u r e  3. Appendix B p r e s e n t s  
a ma themat i ca l  p roof  t h a t  t h e  r e q u i r e d  p r o b a b i l i t y  can b e  expressed  
as a n  i n f i n i t e  sum o f  t h e  r e s i d u e s  a t  t h e  p o l e s  of  t h e  Laplace  
t r a n s f o r m .  The p o l e s  are  d i s c u s s e d  i n  Appendix A .  
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I. FORMULATION OF PROBLEM 

L e t  H be t h e  l e n g t h  o f  t h e  (maximum) s e a r c h  i n t e r v a l ,  and 
R t h e  s u b i n t e r v a l  l e n g t h  r e q u i r e d  t o  be o b s t a c l e - f r e e .  The o b s t a -  
c l e s  are  assumed t o  be  Poisson  d i s t r i b u t e d  w i t h  d e n s i t y  pa rame te r  A ,  

i . e . ,  A i s  t h e  expec ted  number o f  o b s t a c l e s  p e r  u n i t  l e n g t h .  A s  i s  
w e l l  known, t h e  Po i s son  d i s t r i b u t i o n  i m p l i e s  t h a t  t h e  p r o b a b i l i t y  
t h a t  a s i n g l e  o b s t a c l e  appea r s  i n  t h e  i n f i n i t e s i m a l  l e n g t h  d s  i s  
Ads, and t h e  p r o b a b i l i t y  o f  m u l t i p l e  o b s t a c l e s  appea r ing  i n  d s  i s  
n e g l i g i b l e  ( o f  h i g h e r  o r d e r ) .  Wi th in  any f i n i t e  i n t e r v a l  of  l e n g t h  
s ,  t h e  p r o b a b i l i t y  o f  f i n d i n g  r o b s t a c l e s  i s  

-AS P r o b ( r )  = e (As)'/r! 

It i s  r e q u i r e d  t o  de t e rmine  t h e  p r o b a b i l i t y  Q ( H )  t h a t  
e v e r y  i n t ' e r v a l  of  l e n g t h  R w i t h i n  t h e  s e a r c h  i n t e r v a l  ( 0 , H )  

c o n t a i n s  a t  l eas t  one o b s t a c l e .  l - Q ( H )  i s  t h e n  t h e  p r o b a b i l i t y  
t h a t  a t  least  one o b s t a c l e - f r e e  i n t e r v a l  of l e n g t h  R e x i s t s .  

I n s t e a d  of  t r e a t i n g  H as f i x e d ,  i t  w i l l  be  convenient  
t o  view t h e  o b s t a c l e s  as a r i s i n g  s e q u e n t i a l l y  as t h e  s e a r c h  i n -  
t e r v a l  i s  t r a v e r s e d .  T h i s  i s  similar t o  t h e  approach  adop ted  i n  
s t u d y  of w a i t i n g  t i m e  p r o c e s s e s .  
P o i s s o n  d i s t r i b u t i o n  o f  e v e n t s  goes  o v e r  i n t o  t h e  e x p o n e n t i a l  
" w a i t i n g  d i s t a n c e "  d i s t r i b u t i o n  w i t h  p r o b a b i l i t y  d e n s i t y  

From t h i s  p o i n t  o f  view,  t h e  

-AS ¶ f ( s )  = he s > o  

The co r re spond ing  cumula t ive  p r o b a b i l i t y  t h a t  t h e  w a i t i n g  d i s -  

t a n c e  i s  l e s s  t h a n  s i s  l-e-". 
q ( s a y )  t h a t  t h e  i n t e r v a l  ( 0 , k )  i s  n o t  o b s t a c l e - f r e e  i s  

Hence, when H=a t h e  p r o b a b i l i t y  

( 3 )  
q = l - e  - A R  
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The boundary c o n d i t i o n s  f o r  t h e  problem which,  l o o s e l y  
speak ing ,  s e r v e  t o  d e f i n e  t h e  edge e f f e c t s  w i l l  be g i v e n  by  

( 4 )  Q ( H )  = qo , O c H c L  

O r d i n a r i l y ,  one would take  q o = l ,  s i n c e  f o r  II>H one cannot  know 
t h a t  t h e  i n t e r v a l  ( O , L >  w i l l  b e  f ree  of  o b s t a c l e s .  However, 
o t h e r  i n t e r p r e t a t i o n s  a r e  p o s s i b l e ,  e . g . ,  i f  Q(H) i s  cons ide red  
t o  i n c l u d e  t h e  subsequent  a c t i o n  of  a b o r t i n g  o r  o f  a t t e m p t i n g  a 
l a n d i n g  anyway. 

One can o b t a i n  a u s e f u l  s i m p l i f i c a t i o n  th rough  t h e  
t r a n s f o r m a t i o n :  

( 5 )  
H + H/II 

h a  -k h 

T h i s  i s  e q u i v a l e n t  t o  assuming R = l ,  s o  t h a t  H i s  measured i n  
u n i t s  of  t h e  s u b i n t e r v a l  l e n g t h  II, and h becomes expec ted  number 
of o b s t a c l e s  i n  L. 

The problem formula ted  above can be cons ide red  as t h e  
con t inuous  ana log  of t h e  d i s c r e t e  problem ( F e l l e r ,  Ref.  1, 
pp.  260-261) o f  f i n d i n g  t h e  p r o b a b i l i t y  of no s u c c e s s  r u n  o f  
l e n g t h  r i n  n independent  t r i a l s ,  where p i s  t h e  p r o b a b i l i t y  
of s u c c e s s  on any s i n g l e  t r i a l .  The cor respondence  i s  g i v e n  

by  

p = 1-Ads 

n = H/ds 

r = L/ds 
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I n  S e c t i o n  I V ,  F e l l e r ' s  asymptot ic  s o l u t i o n  t o  t h e  d i s c r e t e  
problem i s  ex tended  t o  t h e  cont inuous  c a s e .  

11. DERIVATION OF FUNCTIONAL EQUATION 

Cons ider  t h e  e v e n t  t h a t  t h e r e  i s  no o b s t a c l e - f r e e  
s u b i n t e r v a l  of  l e n g t h  1 i n  ( 0 , H ) .  If i n  t h e  f i r s t  u n i t  i n t e r v a l  
an  o b s t a c l e  o c c u r s  a t  s(O<s<l),  - t h e n  t he re  must be no o b s t a c l e -  
f ree  u n i t  l e n g t h  I n t e r v a l  In t h e  remain ing  s e a r c h  i n t e r v a l  o f  
l e n g t h  H-s. T h i s  o b s e r v a t i o n  leads t o  t h e  f o l l o w i n g  i n t e g r a l  
e q u a t i o n  which d e s c r i b e s  t h e  r e c u r s i v e  n a t u r e  of  Q ( H ) .  

Q( t )AeAtd t  , -AH = e  

The boundary c o n d i t i o n  f o r  ( 6 )  i s  ( c f .  ( 4 ) )  

( 7 )  Q ( H )  = qo  

It i s  easy t o  see t h a t  Q ( H )  i s  con t inuous  f o r  H > 1 .  For  H = l ,  w e  
d e f i n e  

( 8 )  Q ( 1 )  5 Q ( 1 + 0 )  q1 

It t h e n  f o l l o w s  from ( 6 )  tha t  

= q o ( l  - e-') ( 9 )  91 
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It w i l l  be shown below t h a t  Q ( H )  i s  d i f f e r e n t i a b l e  f o r  H 4 1 , 2 .  
( I n  t h e s e  e x c e p t i o n a l  c a s e s  we d e f i n e  Q ' ( 1 )  = Q 1 ( l t O ) ,  and 
Q ' ( 2 )  = Q 1 ( 2 + 0 ) . )  Equa t ion  ( 6 )  t h e n  I m p l i e s  t h a t  

I n t e g r a t i n g  by p a r t s  g i v e s  

Q ( H - s  ) Ae" 'ds i' Q ~ ( H >  = - Q ( H - ~ ) A ~  + Q ( H ) A  - x 

By ( 6 ) ,  t h e  i n t e g r a l  on t h e  r i g h t  i s  s imply  Q(H), s o  t h a t  ( l O j  
l e a d s  t o  t h e  f o l l o w i n g  d i f f e r e n c e - d i f f e r e n t i a l  e q u a t i o n  

where 

-A b = - X e  

Equa t ion  (11) i s  so lved  i n  t h e  next  s e c t i o n ,  t r e a t e d  
as a fo rma l  ma themat i ca l  problem devoid  o f  i t s  p r o b a b i l i t y  
i n t e r p r e t a t i o n .  The s o l u t i o n  i s  expres sed  as a f u n c t i o n  of 
a r b i t r a r y  boundary parameters  q O  and q1 i n  ( 7 )  and ( 8 ) ,  and 
o f  t h e  pa rame te r  b .  

111. EXACT SOLUTION 

I n t e g r a t i n g  (11) between t h e  l i m i t s  1 and H g i v e s  
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Thus Q(H) can be determined recursively for successive unit 
intervals. For example, 

0 2 H 1 : Q ( H )  = qo 

1 H 2 : Q ( H )  = q1 + bqo(H-1) 

In general, for m - < H < m + 1, Q(H) is easily seen, by induction, 
to be a polynomial of degree m in H-m, i.e., 

n= 0 

The following notation will simplify the derivation 
of the coefficients amn. Let 

where m=[H], the largest integer - < H. We define also 
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I n  p a r t i c u l a r ,  

S i n c e  Q(H) i s  con t inuous  f o r  H > 1, 

S e t t i n g  h = l  i n  ( 1 6 )  w i t h  m = m-1 g ives  

m-1 

n= 0 

The f u n c t i o n a l  e q u a t i o n  (11) can  now be w r i t t e n  

1 

Qm(h) = bQ,-,(h) 

t h e  boundary c o n d i t i o n s  being 

I n t e g r a t i n g  ( 2 0 )  between 0 and h g i v e s  
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m 

n=O 

o r  

S e t t i n g  h = l  g i v e s ,  from (18)  

m 

Also,  s u b s t i t u t i n g  ( 1 6 )  i n t o  ( 2 1 )  and e q u a t i n g  powers of  h 

g i v e s  

b/n - - 
( 2 4 )  ‘mn ’m-n , n- 1 

- - bn/n! = qm-n bn/n ! ‘m-n, 0 

The r e c u r s i v e  r e l a t i o n s ,  (19) and ( 2 4 ) ,  i m p l y  t h a t  

can be  computed u s i n g  t h e  scheme i l l u s t r a t e d  by t h e  m a t r i x  amn 
( 2 5 )  on t h e  f o l l o w i n g  page.  The 0- e n t r y  i n  t h e  m- row, namely t h  t h  
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qm - - amO, is obtained by summing all elements in the preceding 
th th row (equation (19)). The n- entry in the m- row is obtained 

by multiplying the preceding adjacent (left upper) diagonal 
th element by b/n (equation ( 2 4 ) ) ,  or by multiplying the 0- 

element belonging to the diagonal by bn/n! 
in the main and in the first off-diagonal are identical except 
for the multiplier coefficient, qo or ql, respectively. 

Note that the terms 

&,(h) can then be determined either from (16) by 
th n multiplying successive elements in the m- row by h , or from 

(22) by multiplying successive elements in the 0- column by 
(bh)n/n! 

th 

An explicit fermula can be derived f e r  the n For ym * 
this purpose, in order to emphasize the dependence of q, on 
the parameters qo, ql, b we write qm E qm(b;qO,ql). 

(23) is then written 

We observe from the matrix (25) that the polynomials qm are 
linear in qo and ql. In fact, 
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F o r  s i m p l i c i t y  we w r i t e  

We have t h e n  t h e  following lemma. 

Lemma: L e t  

Then 

( 2 9 )  

m - 
m = 0,1,.*. 

n= 0 

Proof:  The proof  i s  by i n d u c t i o n .  For  m = 1 ,  t h e  r i g h t  hand s ides  
o f  ( 2 9 )  and ( 2 9 a )  a re  1. (Equat ion  ( 2 9 )  h o l d s  a l s o  f o r  m=O i f  

t h e  conven t ion  0 =1 i s  a d o p t e d . )  Suppose ( 2 9 )  holds for m<k. 
Then 

0 
- 
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k 
m 

- k k-n 
\ '. 

= / .  L 
n=O j=O 

= f  f 
i = O  n=O 

- 1 2  - 
k 'k-fi \ 
- I -  . \  

k k 

(k- i ) i -n  bi = f ( l + k - i ) i  bi -- i! i = o  

T h i s  p roves  t h e  l e m m a .  

S u b s t i t u t i n g  ( 2 9 )  i n t o  ( 2 8 )  g i v e s  t h e  f i n a l  s o l u t i o n  

An a l t e r n a t i v e  d e r i v a t i o n  o f  ( 3 0 )  i s  th rough  t h e  u s e  of  
g e n e r a t i n g  f u n c t i o n s .  Let 

m= 0 

M u l t i p l y i n g  ( 2 3 )  by zm and summing from 1 t o  g i v e s  

m 01 m 

m = l  m = l  n=O 

The l e f t  hand s ide  of  ( 3 2 )  i s  e q u a l  t o  
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w h i l e  t h e  r i g h t  hand s ide ,  a f t e r  i n t e r c h a n g i n g  t h e  o r d e r  of  
summation, i s  

cm 

bz + - - q 0  + F ( z )  e - 9 0  %-n n! 

Equa t ing  these  g i v e s  

( 3 3 )  

Expanding ( 3 3 )  i n t o  a power s e r i e s  i n  z g i v e s  f o r  qm, t h e  
c o e f f i c i e n t  o f  zm, p r e c i s e l y  t h e  formula  ( 3 0 ) .  

I V .  ASYMPTOTIC SOLUTION FOR Q(H) 

I n  t h i s  f i n a l  s e c t i o n ,  w e  t r e a t  on ly  t h e  s p e c i a l  c a s e  
( c f .  s e c t i o n s  I and 11) of q =1, q1 = 1 - e - A  , b = - Ae - A  

0 
Equa t ion  ( 3 0 )  t h e n  s p e c i a l i z e s  t o  

m 

and e q u a t i o n  (33)  becomes 

( 3 5 )  1 - ze-' 
-zXe 

F ( z )  = - A  
1 - z e  

where N ( - )  r e p r e s e n t s  t h e  numerator  of  F ( z )  and D(*) t h e  demonina tor .  
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A formula  f o r  q, can be  d e r i v e d  i n  terms o f  t h e  re- 
s i d u e s  o f  t h e  p o l e s  of F ( z ) ,  where z i s  now c o n s i d e r e d  t o  l i e  
i n  t h e  complex p l a n e .  
fo rmula  ( r e f e r e n c e  1, p .  258, e q u a t i o n  ( 4 . 8 ) )  can b e  ex tended  
t o  t h e  con t inuous  case .  Using o n l y  t h e  smallest p o l e  ( i n  
a b s o l u t e  v a l u e )  t h e n  p r o v i d e s  a n  a sympto t i c  approximat ion  for 
l a rge  H .  
a b s o l u t e  v a l u e )  o f  t h e  denominator  o f  F ( z )  i n  ( 3 5 ) .  
a s y m p t o t i c a l l y ,  

It i s  shown i n  Appendix B t ha t  F e l l e r l s  

More s p e c i f i c a l l y ,  l e t  z o  b e  t h e  smallest r o o t  ( i n  
Then, 

where t h e  s i g n  Q i n d i c a t e s  t h a t  t h e  r a t i o  of  t h e  two sides 

t e n d s  t o  u n i t y .  
s o l u t i o n  of  t h e  e q u a t i o n  D(z) = 0 ,  i . e . ,  o f  

zo i s  i n  f a c t  t h e  unique  r e a l  p o s i t i v e  

- A  
0 zOAe -bz 

( 3 7 )  z o  = e = e  

(The r o o t  zo=eA i s  exc luded ,  s i n c e  i t  i s  n o t  a p o l e  o f  F ( z ) . )  
For A ) 1 ,  z o  can  b e  s e e n  t o  be a s i m p l e  r o o t  and i s  a l s o  t h e  
smallest  i n  a b s o l u t e  v a l u e  among a l l  complex r o o t s  (see 
Appendix A . )  Now 

I b z O  l + b z o  
( l + b z o )  = - - D (2,) = -e 

0 Z 

S u b s t i t u t i n g  ( 3 8 )  i n t o  (36 )  g i v e s  t h e n  
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The a sympto t i c  e x p r e s s i o n  ( 3 9 )  a c t u a l l y  h o l d s  f o r  non- 

The a n a l y s i s  i s  similar t o  t h a t  
i n t e g r a l  v a l u e s  o f  H as w e l l .  
t h e  Lap lace  t r a n s f o r m  f o r  & ( H I .  
f o r  t h e  g e n e r a t i n g  f u n c t i o n  F ( z ) .  

T h i s  can be  seen  by  c o n s i d e r i n g  

L e t  

M u l t i p l y i n g  e q u a t i o n  (11) by e -uH , i n t e g r a t i n g  between 1 and 0 3 ,  

and t h e n  u s i n g  i n t e g r a t i o n  by p a r t s ,  g i v e s  

S u b s t i t u t i n g  f o r  t h e  parameters  i n  terms of A ,  and d e f i n i n g  
f o r  s i m p l i c i t y  v -u and $ ( - v )  + ( v ) ,  g i v e s  

- A  -V + ( V I  = 
Xe - ve 

L e t  vo be  t h e  unique r e a l  r o o t  ( + A )  o f  t h e  e q u a t i o n  

-V -A 
O = Xe v O e  

I f  A>l, t h e n  v o < l ;  w h i l e  if X < 1 ,  t h e n  v o > l .  The a sympto t i c  
fo rmula  ana logous  t o  ( 3 6 )  t h e n  becomes (where N(.) and D(*) 
now r e fe r  t o  ( 4 1 ) ) :  
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o r  

vo Note t ha t  z o  = e so  that  (44) i s  i d e n t i c a l  w i t h  ( 3 9 )  when H=m. 

When A = l ,  ( 4 1 )  can  be  w r i t t e n  as 

( 4 5 )  

2 
+ +.(v-l) 

2!  3! v - i  - - -  1 - e  JlW = v-l 
( V - 1 l 2  + ... e - v  v-1 + 

2 !  3! 

Hence v o = l  i s  s e e n  t o  b e  a s i m p l e  p o l e ,  and i s  i n  a d d i t i o n  t h e  

smallest  r o o t  i n  a b s o l u t e  v a l u e  of  t h e  denominator  (see Appendix A ) .  

S i n c e  from ( 4 5 )  D ' ( 1 )  = 1/2 and N(1) = 1, e q u a t i o n  ( 4 3 )  becomes 

The s o l u t i o n  o f  ( 4 2 )  can  be  o b t a i n e d  u s i n g  t h e  f o l l o w i n g  
i t e r a t i o n :  

( 4 7 )  
V - A  n = Xe e n + l  V 
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T h i s  converges  o n l y  f o r  A > 1  and i n i t i a l  v a l u e  vl<A. 
l a r g e ,  two i t e r a t i o n s  s t a r t i n g  w i t h  v1=0 r e s u l t s  i n  a f a i r l y  
good approx ima t ion  for vo ,  namely 

When A i s  

- A  vo = Ae e 

Newton's method i s  somewhat more e f f i c i e n t  and leads t o  t h e  

f o l l o w i n g  i t e r a t i o n  

> T h i s  converges  f o r  A < 1, but  t h e  convergence i s  more r a p i d  f o r  
X>l. I n  t h i s  c a s e  t h e  s t a r t i n g  v a l u e  shou ld  s a t i s f y  v1 < A - Rn A .  

For  A < 1  a s i m p l e r  and more r a p i d  i t e r a t i o n  t h a n  ( 4 9 )  i s  

= A - R n X + R n v n  n + l  V 

w i t h  vl>A. The co r re spond ing  Newton i t e r a t i o n  i s  

[ A  - Rn A - 1 + Rn vn l  'n = -  
n + l  vn-1 V 

T h i s  a l s o  converges  f o r  A < 1, b u t  i s  more e f f i c i e n t  f o r  A < 1  w i t h  
v1 ' 1. 

It i s  convenient  t o  re-write e q u a t i o n s  ( 4 4 )  and ( 4 6 )  
i n  t h e  f o l l o w i n g  form, where t h e  s o l u t i o n  vo o f  ( 4 2 )  i s  now 
w r i t t e n  as v ( A ) :  
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( 5 2 )  Q(H) [1 t K(A>le - V ( X ) H  

where 

(53)  

f 

f o r  A = 1 1' 
F i g u r e  1 p l o t s  v(A) and K(A) on semi log  p a p e r .  
a c t u a l l y  s l i g h t l y  S-shaped w i t h  a sympto t i c  s l o p e  of  -1 (on a 
n a t u r a l - l o g  o r d i n a t e  s c a l e ) .  

The cu rves  are 

F i g u r e  2 p l o t s  Q ( H )  v s .  H f o r  v a r i o u s  A and compares 
t h e  e x a c t  s o l u t i o n  g i v e n  by ( 2 2 )  and ( 3 4 )  w i t h  t h e  a sympto t i c  
s o l u t i o n  g i v e n  by ( 5 2 ) .  It  can be  seen  t h a t  t h e  approximat ion  
i s  e x c e l l e n t  f o r  H > 1 . 5 ,  even f o r  small A .  Although w e  have 
n o t  proved t h i s  p r o p e r t y ,  i t  appears t h a t  f o r  i n t e g r a l  H ,  t h e  

a s y m p t o t i c  fo rmula  f o r  qm c o n s t i t u t e s  an  upper  bound of  a l l  m .  

I n  o r d e r  t o  o b t a i n  e q u i p r o b a b i l i t y  ( o r  c o n f i d e n c e )  
c o n t o u r s  o f  ( r e q u i r e d )  H v s .  A ,  w e  se t  P = l - Q  and H=Hp. 
e q u a t i o n  (52 )  f o r  Hp g i v e s  approximate ly  

So lv ing  

( 5 4 )  1 ltK(X) 
H P  'L '3x7 1-P 

F igure  3 p l o t s  (54 )  f o r  P = .50,  . 9 0 ,  . 95 ,  . 9 9  and . 9 9 9 .  The 
p o r t i o n  of t h e  c u r v e s  f o r  s m a l l  A have been de termined  from t h e  

e x a c t  s o l u t i o n s  p l o t t e d  i n  F igu re  2 .  

A s  was noted  i n  s e c t i o n  I ,  H c a n  b e  i n t e r p r e t e d  as 
t h e  random w a i t i n g  i n t e r v a l  u n t i l  an  o b s t a c l e - f r e e  u n i t  i n t e r v a l  
a r i ses .  l - Q ( H )  i s  t h e n  t h e  cumula t ive  p r o b a b i l i t y  d i s t r i b u t i o n ,  
t h e  d e r i v a t i v e  of which y i e l d s  t h e  p r ' o b a b i l i t y  d e n s i t y  f u n c t i o n  
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f o r  w a i t i n g  i n t e r v a l s . *  
e a s i l y  de termined  from t h e  Laplace t r a n s f o r m  ( 4 1 ) .  I n  f a c t ,  
u s i n g  w e l l  known f o r m u l a s ,  

The mean w a i t i n g  t i m e  and v a r i a n c e  i s  

(55 )  
- A  1 - e  

h e m A  
E ( H )  E $ ( O )  = 

2 1 2 1 
2 - - - -  2 ( 5 6 )  V ( H )  2 $ ' ( 0 )  - I) ( 0 )  = 

( h e - ' )  Ae-' A 

It i s  of  i n t e r e s t  t o  compare t hese  r e s u l t s  w i t h  t h e  
'L approximate  d i s t r i b u t i o n  ( r e p r e s e n t e d  he rea f t e r  by  t h e  symbol ) .  

For i l l u s t r a t i v e  pu rposes ,  we r e s t r i c t  a t t e n t i o n  t o  t h e  c a s e  of  
A = l .  I n  o r d e r  t h a t  Q ( H )  r e p r e s e n t  a cumula t ive  d i s t r i b u t i o n ,  i t  
i s  n e c e s s a r y  t h a t  Q(O)=l. More s p e c i f i c a l l y ,  e q u a t i o n  ( 4 6 )  i s  
mod i f i ed  f o r  H < 1  t o  g i v e  

Then 

Q ( H ) d H  = 1+2/e = 1.736 i" 'L 

E ( H )  = 

LO 

%2 2, 

H Q ( H ) d H  - E ( H )  = 4(e - l ) / e2  = .931 
'L 
V ( H )  = 

J' 0 

*To o b t a i n  t h e  e x a c t  p r o b a b i l i t y ,  d e n s i t y  f u n c t i o n  i n  t h e  
manner of  t h e  r e c u r s i v e  scheme ( .25) ,  t h e  0 t h  column shou ld  be  
e l i m i n a t e d  and t h e  n t h  column m u l t i p l i e d  by n .  
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The e x a c t  v a l u e s ,  o b t a i n e d  by s u b s t i t u t i n g  X=l i n t o  ( 5 5 )  and 
(561 ,  are 

E(H) = e - 1 = 1.718 

V ( H )  = e - 2e - 1 = . 9 5 2 5  2 
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APPENDIX A 

POLES OF THE LAPLACE TRANSFORM OF Q(H) 

From e q u a t i o n  ( 4 1 )  f o r  q ( v )  (which i s  e q u i v a l e n t  t o  
t h e  u s u a l  Lap lace  t r a n s f o r m  ~ ( u )  d e f i n e d  by (40)) t h e  p o l e s  
c o n s i s t  of t h e  s o l u t i o n s  o f  e q u a t i o n  (42): 

The s i n g l e  r e a l  s o l u t i o n  ( + A )  i s  vo  and t h e  complex s o l u t i o n s  
can  be w r i t t e n  as 

where x and y are  r e a l  and y f 0 .  S u b s t i t u t i n g  (A2) i n t o  (Al) g i v e s  

S e p a r a t i n g  i n t o  r e a l  and imaginary par t s  y i e l d s  t h e  two e q u a t i o n s  

- A  -X (A41 R E h e  - e ( x  c o s  y + y s i n  y )  = 0 

-X (A5 1 I e ( x  s i n  y - y c o s  y )  = 0 

These e q u a t i o n s  i m p l y  

-X (A7 1 h e - A  = e x s e c  y 

-X (A8 1 = e x c s c  y 

(Al) and (A7) imply t h a t  t h e  complex p o l e s  are  unchanged if vo 
and A are i n t e r c h a n g e d .  Moreover, (A6) and (A8) show tha t  i f  
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X + i Y  1 s  a P o l e  t h e n  SO a l s o  I s  x- iy .  
a f t e r  t h a t  y>O. ( A 8 )  t h e n  i m p l i e s  t h a t  c s c  y>O, s o  t h a t  y i s  
e i t h e r  i n  t h e  f i rs t  o r  second q u a d r a n t s .  A c t u a l l y ,  o n l y  t h e  
f i r s t  quadran t  i s  a l l o w a b l e .  F i r s t  n o t e  t h a t  x i s  p o s i t i v e  s i n c e  

Hence, we can  assume he re -  

(A91 x = A - En A t gn(y c s c  y )  > A - gn A - > 1 

E q u a t i o n  (A7) now impl i e s  t h a t  s e c  y>O s o  t h a t  y cannot  be i n  
t h e  second q u a d r a n t .  Moreover, ( A g )  can  be  sharpened  t o  

s i n c e ,  by  (A6),  (A8),  and (AI ) ,  

x - gn x = y c o t  y - a n ( y  c o t  y )  > y c o t  y - gn(y c s c  y )  = 

= A - E n X = v  - R n v O  0 

( A 1 0 )  t h e n  f o l l o w s  from ( A g ) .  
a b s o l u t e  v a l u e .  

Hence, vo  i s  t h e  smallest  p o l e  i n  

The complex p o l e s  can be r e p r e s e n t e d  as vn=xn t iyn ,  where 

There i s  no s o l u t i o n  f o r  n=O, s i n c e  (A6) would t h e n  imply t h a t  
and yn  are  o b t a i n e d  xo=yo c o t  y o < l  which c o n t r a d i c t s  ( A g ) .  

from (A8) and ( A 6 )  as the  s o l u t i o n  of t h e  e q u a t i o n s  

I I I 

'n 

I I 

(A141 x n = (2nn tyn)co t  yn 
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Equa t ion  (A131 i m p l i e s  t h a t  a s  n -+ 

1 

a i m  y = n 2 (A15) 

For  large n, e q u a t i o n s  (A13)-(A15) t h e n  i m p l y  t h a t  

F i g u r e  B1 shows t h e  asymptot ic  l o c a t i o n  of  t h e  p o l e s ,  c o r r e -  
sponding  t o  (A151 and (A16),  f o r  h = 1 . 5 .  

A more a c c u r a t e  estimate of  t h e  p o l e s  can  be o b t a i n e d  
u s i n g  an  approx ima t ion  d e r i v e d  from a f i rs t  o r d e r  expans ion  of 
( A J 3 )  about  n/2. L e t t i n g  

t h e n  

1 1 
z E n/2  - yn n 

A-kn h t ~ n ( 2 n t T ) n  1 

1 n (2n tF )  II Z "  

Also ,  

L 

Z Z n 
1 2 t -  1 n = A - an x t !?.n(2nt2)n - 

( 2nt2) II 

For ~=1.5 and n = l ,  t h e  e x a c t  s o l u t i o n  from (Al3 )  and ( A 1 4 )  i s  
4 0 4 ,  x,=3.187. 

i s  z e . 4 0 2 ,  ~ ~ " 3 . 1 8 5 .  1 

1 

The approximate s o l u t i o n  from ( ~ 1 8 )  and (A20)  
zl=' 1 

The a sympto t i c  s o l u t i o n  (A16) g i v e s  x,=3.156. 
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A P P E N D I X  B 

PROOF OF ASYMPTOTIC FORMULA FOR Q ( H )  

S i n c e  Q ( H )  i s  i n t e g r a b l e ,  i . e . ,  EH e x i s t s ,  and has 
everywhere r i g h t  and l e f t  s ided  d e r i v a t i v e s ,  t h e  Laplace  t r a n s -  
form can  b e  i n v e r t e d  t o  g i v e  

A t  p o i n t s  of d i s c o n t i n u i t y  (H=0,1), Q ( H )  = T I Q ( H t O )  1 t Q ( H - O ) ] .  

The i n t e g r a l  i n  (Bl) can  be  e v a l u a t e d  by c o n t o u r  
i n t e g r a t i o n .  
w i t h  boundary C1, C2, C3, C4, i t  i s  w e l l  known t h a t ,  f o r  t h e  

2 n t l  p o l e s  e n c l o s e d  w i t h i n  t h e  boundary 

Using t h e  r e c t a n g u l a r  c o n t o u r  shown i n  F i g u r e  B1, 

Each i n t e g r a l  on t h e  l e f t  i s  t h e  same as i n  (Bl). 
r e s i d u e  at  t h e  p o l e  vi i s  g iven  by ( c f .  e q u a t i o n  (44)) 

pi, t h e  

- v . H  l - V i / X  
= e  1 .  

"i 1-vi 

We w i l l  show t h a t  a s  n -f Q) 

= R i m  

= Rim Jc 
R i m  

c2 ' 3  
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Then, s i n c e  l l i m  cor responds  t o  t h e  i n t e g r a l  i n  (Bl), i t  w i l l  

A 

f o l l o w  t h a t  

(xi-h) ( x i - l ) c o s  yiH+(A-l)yi s i n  yiH7 

1 2 2 
(xi- l  1 + y i  

- x 
1 + - 

Moreover, s i n c e  v i s  t h e  p o l e  w i t h  smallest a b s o l u t e  v a l u e ,  t h e n  
a s y m p t o t i c a l l y  f o r  large H ,  it i s  easy t o  see t h a t  

0 

The sides of  t h e  r e c t a n g l e  i n  F i g u r e  B1 are t a k e n  such  
t h a t  

Rx = R = ( 2 n + l ) n  
n yrl 

I n  a d d i t i o n  C 2  i s  subd iv ided  i n t o  C2 and C2, w i t h  t h e  l e n g t h  of  
C2 g i v e n  by 

1 

1 

R = Rn Rn(2n+l)n  
'n 

f 
To show t h a t  l l i m  = 0 i t  s u f f i c e s  t o  show t h a t  

1 1 

$ ( V I  -+ 0 on C,. For s u f f i c i e n t l y  l a rge  n ,  s i n c e  O<x<Ry - -  
^n L 
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? 
-R 

S i n c e  /e-’ -e-vl - < 2 ,  it follows t h a t  

I? 

F o r  C 2 ,  e q u a t i o n s  (A4) and (A5) w i t h  y=(2n+l)II  g i v e  

un i fo rmly  i n  n .  Then 

3 2n+l,  ITH 

s o  t ha t  a i m  ll = 0. Hence, a i m .  r = 0 .  I n  similar f a s h i o n  

c 2  
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For C with -(2ntl)n < y < (2ntl)n and R = (2ntl)n, 
‘n 3’ 

then for sufficiently large n 

uniformly in n. Hence, 

= 0. This completes the proof of equations (B4) 

3 

so that aim 
n 

and hence of ( B 5 ) .  
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